Sufficient conditions for the pth mean stability and integrability of the solutions to non-linear Itô-Volterra integrodifferential equations with nonconvolution drift and diffusion terms are investigated in this paper. Asymptotic convergence rates in pth moment sense are also discussed for the convolution case with infinite delay.
Introduction
In many fields of physical, engineering and social sciences there is a large number of nonlinear dynamical systems dependent of random excitations of a Gaussian white noise type. For example, the behavior of a non-linear dynamical system can be represented by the following differential equation y + f (t,ẏ, y) = g(t,ẏ, y) · ξ(t, ω), t ≥ 0, where ξ(t, ω) is a Gaussian white noise perturbation and ω ∈ Ω are random events. Since ξ(t, ω) =ẇ(t, ω), where w(t, ω) is a Brownian motion, this equation can be transformed into the following stochastic system,
dy(t) = x(t) dt
(1)
dx(t) = −f t, x(t), c + t 0 x(s) ds dt + g t, x(t), c + t 0 x(s) ds dw(t),
where y(0) = c and ω is usually omitted, as we will do throughout the paper. The second equation in this system is the stochastic Volterra integrodifferential equation, which is a special case of the equation considered in the present paper, 
dx(t) = f (t, x(t)) + g t, x(t),

H(t, s) h 1 (s, x(s)) ds dw(t), t ≥ 0, x(0)
In a different direction, there are several open problems concerning the solutions of these equations. The researchers' interest is focused, among other things, on exploring the behavior of the solutions by comparing them in some sense with the solutions of the corresponding deterministic Volterra integrodifferential equationṡ
x(t) = f (t, x(t)) + g t, x(t),
t 0 G(t, s)g 1 (s, x(s)) ds , t ≥ 0, x(0) = x 0 , (3) or, in a simpler form, with the solutions of ordinary differential equationsẋ(t) = f (t, x(t)), t ≥ 0, x(0) = x 0 . One of the priority is to emphasize conditions under which the asymptotically stable solution to Eq. (3) remains to be asymptotically stable in the presence of stochastic excitations described by the diffusion coefficient of Eq. (38).
It is well-known that there is significant and very rich literature discussing special techniques to study almost sure and pth mean exponential stability of solutions to various classes of stochastic differential equations (see monographs [12] and [15] by X. Mao, and [6, 9, 11, 19] , for instance). However, less attention has been devoted to asymptotic stability of Itô-Volterra integrodifferential equations (see [1, 2, 3, 13, 14] and literature cited therein, among other things). For example, the exponential mean square asymptotic stability and integrability for the convolution Itô-Volterra equation
H(t − s) x(s) ds dw(t)
is considered in [13] under the assumptions that the kernel H decays exponentially fast. On the other hand, even in the deterministic linear case, that is, for the equationẋ(t) = −a x(t) + t 0 H(t − s) x(s) ds, exponential stability cannot always be guaranteed if the kernel does not vanish exponentially fast (see Murakami [16] , for instance). Because of that, it is important to provide conditions guaranteeing pth mean asymptotic stability and integrability of the solutions to Eq. (2). We highlight paper [1] by J. Appleby where the relations between integrability in pth mean and almost sure, as well as pth mean asymptotic stability of the nonlinear time-homogeneous Itô-Volterra equation with convolution kernels,
is studied under various assumptions for the coefficients of the equation. Note that paper [1] contains detailed literature about similar problems for various deterministic and stochastic differential equations.
In the present paper, our investigation is essentially based on the recent paper [14] by X. Mao and M. Riedle, where they studied asymptotic mean square stability and integrability of one restriction of Eq. (2) , that is, of the following Itô-Volterra integrodifferential equation
In fact, we generalize the results of paper [14] in two directions: First, we discuss Eq. (2) which is more complex than Eq. (4). Second, we study asymptotic pth mean stability, p ≥ 2, and pth mean integrability of the solutions to Eq. (2) . Note that the stochastic Volterra integrodifferential equation in the system (1) is not of the type (4) . The organization of the paper is as follows: Section 2 describes the problems to be studied and contains the main results of the paper. Precisely, we provide sufficient conditions under which the solutions to Eq. (2) are pth mean asymptotically stable and integrable. In Section 3, the convolution case of Eq. (2) with infinite delay is considered. Likewise, some pth mean asymptotic convergence rates are discussed, based on comparison with the appropriate results [20] by D.F. Shea and S. Wainger for deterministic Volterra integrodifferential equations. The concluding Section 4 contains some comments on extension of the previous results to cover the pth asymptotic stability and integrability of more complex Itô-Volterra equations. This section also contains some examples that illustrate the usefulness of the theoretical considerations.
Main results
As usual, we first estabilish some standard notations and notions. Our initial assumption is that all random variables and processes considered here are defined on a complete probability space (Ω, F, {F t } t≥0 , P ) with a natural filtration {F t } t≥0 generated by a standard n-dimensional Brownian motion w = {w(t), t ≥ 0} (i.e. F t = σ{w(s), 0 ≤ s ≤ t}). Let |x| stand for the Euclidean norm of x ∈ R k and ||A|| for the operator norm of a matrix A ∈ R k×l , k, l ∈ N , while A T is the transpose of a matrix or vector. Let also L p 2 (R + ) be the space of integrable functions
The topic of our analysis is Eq. (2), that is, its equivalent integral form,
We suppose that x 0 is a random vector in R d with E|x 0 | p < ∞ and independent of w. The functions f :
are assumed to be Borel measurable in their domains and satisfy the conditions
c , and they are integrable in the sense
The equation (5) was earlier studied in several papers [17, 18] by M.G. Murge, B.G. Pachpatte and [8, 10] by S. Janković and M. Jovanović, for instance, and also in the basic paper [4] by M.A. Berger, V.J. Mizel in somewhat simpler form, that is, when the equation is linear with respect to all the Lebesgue and Itô integrals. The basic existence-and-uniqueness theorem based on Picard method of iterations was proved in [17] . Under the assumptions that all the functions in Eq. (5) are globally Lipschitzian and satisfy the linear growth conditions uniformly in t, s, and if E|x 0 | 2 < ∞, then there exists a unique a.s. continuous and adapted strong solution
Throughout the paper, we assume, with no emphasis on conditions, that there exists a unique strong solution
and that all the Lebesgue and Itô integrals employed further are well defined. Obviously, the above assumptions ensure that if x 0 = 0 a.s., then Eq. (5) has the zero solution, that is, x(t, 0) = 0 a.s. for all t ≥ 0.
As we saw above, the main purpose of the paper is to estabilish conditions under which the solution x(t; x 0 ) to Eq. (5) is the pth mean asymptotically stable in the sense that lim
whatever the value of the initial condition x(0) = x 0 . For simplicity, we will further use the notation x(t) instead of x(t; x 0 ) to denote the solution to Eq. (5) for a given initial condition x 0 . Likewise, we will sometimes write x t instead of x(t) because of the clarity and shorter notation.
the following conditions hold:
If the functions
for all (t, s) ∈ J satisfy the conditions a(t) > 0 for all large t and
lim sup
then the solution x to Eq. (5) is pth moment asymptotically stable, that is,
Proof. Let us denote that
Then Eq. (5) can be rewritten in its differential form as
dx(t) = [f (t, x(t)) + g(t, y(t))] dt + h(t, z(t)) dw(t).
If we take U (t) = (x T t Qx t ) p/2 and apply the Itô formula, we obtain for t ≥ 0 that
Let us define the function V (t) : = EU (t). Then, (H 2 ) yields for 0 ≤ t 1 ≤ t,
where
It remains to estimate these integrals. In order to estimate I 1 (t), we will apply (H 1 ) and (H 3 ) and the following version of the Young inequality:
Thus, we have
The last integral can be estimated by applying the Hölder inequality to |y s | p 2 , by using (H 6 ) and the property (6) of the kernel G. Hence,
Therefore,
Similarly, by using (H 5 ) we get
To estimate the second integral, we apply the Hölder inequality for µ = p, ν = 
Hence,
By repeating the previous procedures and (H 4 ), we see that
Finally, (13) together with (15), (17) and (18) implies that
where the functions a and b are determined with (8) and (9), respectively. Since the remainder of the proof is the same as the proof of Theorem 1 in [14], we will omit details and briefly describe the basic idea: The inequality (19) causes for t ≥ 0 that
where D + V (t) is the right Dini derivative of V (t). The essence of the proof is to compare V (t) with the solution of the initial value probleṁ y(t) = −a(t)y(t) +
According to Theorem 2.2.2 in [5] (see also [7] ), there exists a unique solution y to Eq. (20) . Moreover, the conditions (10)- (12) imply that y(t) → 0 as t → ∞. Since
The following theorem contains sufficient conditions under which the solution x to Eq. (5) is pth mean integrable. (8) and (9), respectively. If
Theorem 2 Let the conditions (H 1 )-(H 6 ) in Theorem 1 hold and let the functions a and b be defined with
sup s∈[0,T ] ∞ s b(t, s) dt < ∞ for every T ≥ 0,(21)lim sup s→∞ −a(s) + ∞ s b(t, s) dt < 0,(22)
then the solution x to Eq. (5) is the pth moment integrable, that is,
Proof. The proof is analogous to the one of Theorem 2 in [14] . We will briefly present it for completeness.
From (22), it follows that there exist T ≥ 0 and a constant k > 0 such that for every s ≥ T ,
A simple calculation yields from (19) that, for t ≥ T ,
Since (21) implies that
Itô-Volterra equations with convolution kernels
In this section, we will discuss pth mean asymptotic stability and integrability of the solutions to Eq. (5) with continuous convolution kernels
, that is, to the equation
where the functions f, g, g 1 , h, h 1 are defined as above. Recall that
in this case.
Having in mind the results from Section 2, we can formulate the following assertion.
Corollary 1 Let there exist a symmetric (d × d)−matrix Q, a continuous function
Proof. From (8) and (9), we have
Since the conditions (10)- (12) hold, the proof follows straightforwardly by applying Theorem 1. ♦ Especially, if ξ(t) = ξ · t α , ξ = const > 0, the above assertion holds for α > p − 2.
Recall that the main square asymptotic stability and integrability for Eq. (4) with convolution kernels in paper [14] were considered under the assumptions (H 1 )-(H 3 ) and (H 5 ) with positive constants ξ, η, ρ, θ. However, these assumptions do not allow us to apply of Theorem 1 and Theorem 2 in order to estabilish pth mean asymptotic stability and integrability of the solutions to Eq. (24) since the conditions (10) and (21) do not hold, for instance. Because of that, we will appropriately modify (H 2 )-(H 5 ) to verify the pth mean asymptotic stability and integrability of the solutions to Eq. (24) and to significantly simplify the conditions (10)- (12) and (21)- (22).
Theorem 3 Let there exist a symmetric (d × d)−matrix Q and positive constants
the conditions (H 1 ) and (H 6 ) are valid and the following assumptions hold:
then the solution x to Eq. (24) satisfies
Note that for p = 2, g 1 (t, x) ≡ x, h 1 (t, x) ≡ x, K = 1, the condition (25) is reduced to the one from paper [14] discussing Eq. (4).
In the remainder of this section, we will briefly discuss asymptotic convergence rates for the pth mean of the solutions to Eq. (24). More precisely, we explain conditions that are easy to verify guaranteeing, in dependence on some rate functions, the pth mean asymptotic stability and pth mean integrability of the solutions to Eq. (24), to provide a full insight into the study on this type of stochastic Volterra convolution equations. Since our discussion is motivated by paper [14] and since the proofs of the assertions presented below contain insignificant modifications with respect to the ones from [14] , we will just formulate them and omit their proofs. For details, we refer the reader to Theorem 4, Corollary 5 and Corollary 6) in [14] .
Our discussion is based on the above results [20] by D. Shea and S. Wainger (see also [5, 7] ) on convergence rates for the deterministic Volterra integrodifferential equation with unbounded delay,
where µ is a finite Borel function satisfying ∞ 0 ϕ(s)|µ|(ds) < ∞ for a weight function ϕ and the total variation |µ| of µ. Hence, we first briefly introduce some notions and present Shea and Wainger's results needed in our discussion.
A function ϕ : R → R + is said to be a weight function if ϕ(0) = 1, ϕ is measurable, locally bounded and locally bounded away from zero and ϕ(t + s) ≤ ϕ(t) · ϕ(s) for t, s ∈ R. The last property causes (see [7] , Lemma 4.4.1, p.120, for example) the existence of the limit
There are some of the weight functions:
If the so-called characteristic function of the measure µ,
satisfies h µ (z) = 0 for every z ∈ C with Rez ≥ π ϕ , it is shown in [20] (see also [7] , Theorems 4.4.13 and 4.4.16) that the solution y to Eq. (33) obeys
We can now formulate the following assertion:
and if 
The conditions guaranteeing the properties (36) for the solutions to Eq. (24) could be simplified significantly for weight functions ϕ with π ϕ = 0 and ϕ(t) = e αt , which will be seen from the following assertions. 
Corollary 3 Let the conditions
Some comments and examples
First, let us give some conclusions and comments.
• As the general conclusion of the previous considerations, it is appropriate to say that under the noted sufficient conditions presence of noise does not destabilize in pth moment sense the asymptotically stable zero solution to deterministic equations (3) orẋ(t) = f (t, x(t)). Precisely, the above assertions show how much dynamical system can tolerate stochastic perturbations without losing the property of pth asymptotic stability.
• In the paper, we have focused on the Itô-Volterra integrodifferential equation (2) and the appropriate convolution equation (24). However, the obtained results sufficient condition for the 6th mean asymptotic stability and integrability of the solutions to Eq. (40).
Moreover, the conditions (37) hold for 0 < α 1 < 9, 0 < α 2 < 3. Hence, the application of Corollary 4 implies that the solutions are exponentially asymptotically stable and L 6 -integrable in the sense that there exists a constant β > 0 such that lim t→∞ e βt E|x(t)| 6 = 0 and ∞ 0 e βt E|x(t)| 6 dt < ∞.
